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1. Introduction

In a traditional picker-to-parts based order picking environ-
ment, human pickers (with or without a supporting vehicle) suc-
cessively visit the shelves where the parts defined by a specific
pick list are stored in. Obviously, the travel of pickers is an un-
productive part of the order picking process, so that it is not as-
tounding that the parts-to-picker paradigm has attracted plenty of
technical innovations such as carousel racks (e.g., (Van den Berg,
1996)), vertical lift modules (e.g., (Meller & Klote, 2004)), and auto-
mated storage/and retrieval systems (ASRS, see (Roodbergen & Vis,
2009)) over the past decades. The basic aim of these systems is to
automatically move the stock keeping units (SKUs) to the pickers,
so that they can concentrate on the productive part of their em-
ployment - the picking and packing of orders.

When choosing between both paradigms warehouse managers
face the basic trade-off, which is schematically depicted by the
radar plot of Fig. 1. For a more detailed discussion of both sys-
tems see, e.g., the in-depth survey paper of de Koster, Le-Duc, and
Roodbergen (2007). On the one hand, unproductive travel times
reduce productivity per picker, so that picker-to-parts systems re-
quire a larger workforce for realizing the same output compared
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to parts-to-picker systems. Note that in Fig. 1 this worse evalua-
tion is represented by picker-to-parts systems being located closer
to the radar plot’s point of origin with regard to the criteria ‘per-
sonnel costs’ and ‘picks per hour’. On the other hand, manual or-
der picking can be accomplished without a large investment in
hardware, because it relies on simple equipment such as standard
racks, picking vehicles, and forklifts. This standardized equipment
makes picker-to-parts systems easily adaptable to varying capac-
ity situations, because it can simply be added to and removed
from a distribution center. Within Fig. 1 this reverts the evalu-
ation of picker-to-parts systems compared to parts-to-picker sys-
tems. The former reduce investment costs and are better scalable,
so that they are located farther from the radar plot’s origin. It
can be concluded, that the advantages of picker-to-parts systems
constitute the disadvantages of parts-to-picker systems and vice
versa.

In this paper we treat a special parts-to-picker system, which
aims to avoid the basic drawbacks of these two systems. As a
parts-to-picker system it avoids unproductive picker travel and,
thus, high personnel costs. At the same time it aims at reducing
idle time of specialized and expensive equipment.

11. A rack-moving mobile robot based order picking system

The specific parts-to-picker system treated in this paper is
based on quite simple mobile robots, which are able to lift a rack
and transport them directly to a stationary picker. Alternative de-
scriptions of this system, which is known as the Kiva system (e.g.,
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Fig. 1. Pros and cons for picker-to-parts and parts-to-picker order picking.

(Mountz, 2005)), are provided by Guizzo (2008) and WurWorking
Paperman, D’Andrea, and Mountz (2008). Similar rack-moving mo-
bile robot systems developed by competitors are introduced by
Kirks, Stenzel, Kamagaew, and ten Hompel (2012); one of them is
the so-called G-Com-System of the German Grenzebach group.

The mobile robot, which is schematically depicted in Fig. 2(a),
consists of a driving and a lifting unit. The driving unit has a rota-
tion mechanism and is electrically powered. For its orientation the
shop floor is subdivided into a grid and each square of the grid
is labeled with a bar code. The robot’s integrated camera system
continuously reads these bar codes to locate itself and the rota-
tion mechanism allows the robot to move in the grid analogously
to the rook on a chessboard. The lifting unit is able to lift more
than 1,000 kilograms, so that it can drive directly under a rack,
which are about man-high, lift it, and bring it directly to where
the SKUs stored in it are required. Clearly, a distribution center
requires many of these robots. For instance, office supply retailer
Staples uses about 500 Kiva robots at its 30,000-square-meter dis-
tribution center in Chambersburg (USA) (e.g., (Guizzo, 2008)).

The mobile robot based workflow along the elementary system
elements is schematically depicted in Fig. 2(b). First, SKUs arriving
at the distribution center are received (step (1)). For this purpose,
robots move racks with empty storage locations to the rack loading
area where the SKUs are put inside the shelves. Then, the robots
move the racks into the storage area where they wait for their
employment. Once an SKU stored in a specific rack is required,

a robot moves to the rack, hoists it, and brings it to a picking
station, where a stationary picker assembles picking orders (step
(2)). Here, the picker retrieves those SKUs defined on the current
picking list, packs them it a cardboard box, and moves the com-
pleted cardboard box on a conveyor belt. The conveyor transports
the shipment towards the outbound area (step (3)), where the box
is packed onto an outbound truck, e.g., of a postal service provider,
which moves the order onwards to the customer (step (4)).

This paper specifically addresses the order processing in a
picking station, whose typical layout is schematically depicted in
Fig. 2(c). Each station is operated by a stationary picker, who, first,
receives a picking list from the information system, which defines
the picking orders to be assembled. According to the processing se-
quence defined by the list, the picker folds cardboard boxes, iden-
tifies them with a bar code sticker, and puts them on the work-
bench. Typically, multiple boxes are filled in parallel. Then, robots
bring racks to the station and queue in front of it. Some pick-to-
light system, e.g., a laser pointer, may support the identification
of the right SKUs, so that the picker can retrieve items from the
current rack being first in the queue, scan the SKU, and put them
into the right cardboard boxes. Once all items are retrieved from
the current rack, robot and rack depart and the next rack in the
queue moves forward. Whenever a picking order is complete its
cardboard box is sealed and put on the conveyor belt, which moves
the order towards the outbound area. Finally, the empty place on
the workbench is filled with a new cardboard box for the next or-
der.

Note that the overall workflow in the warehouse and in a spe-
cific picking station may, of course, slightly vary in different real-
world applications. For instance, distribution centers can do with-
out the conveyor belt and apply the mobile robots for supplying
the outbound area instead (Guizzo, 2008).

1.2. Decision problems and literature review

The basic decisions to be made during the daily processes when
operating a mobile robot based warehouse are of course basi-
cally the same as in traditional warehouses (e.g., (Gu, Goetschal-
ckx, & McGinnis, 2010; de Koster et al., 2007)). However, the al-
tered workflow requires modifications of these operational deci-
sion problems:

picking station (3)
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H||H E:] = conveyor for finished orders
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(a) cross section of a
movable rack

(b) schematic layout of
the distribution center

mobile robots

(c) schematic layout of
a picking station

Fig. 2. The rack-moving mobile robots system.
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o Directly after their arrival, SKUs need to be put away into racks.
In doing so, it is not the specific rack that is crucial (because
they do not differ and can alter their positions), but with what
other SKUs they are stored together. Typically, a shared stor-
age policy is applied (e.g., (Bartholdi & Hackman, 2016)), which
means that SKUs of the same kind are not stored together in
a unique rack, but are spread over multiple racks. This way a
specific picking order can be satisfied by multiple racks, so that
there is a greater probability to always have some rack close-by
that carries a specific item. In such a setting, it seems advanta-
geous to store those SKUs together in one rack, which are often
ordered together by the same customer (see, e.g., (Frazelle &
Sharp, 1989)).

o Then, the racks need to be assigned a location in the rack stor-
age area. As in traditional warehouses, where this problem is
known as the storage assignment problem (de Koster et al.,
2007), it seems advantageous to classify products according to
their turnover, e.g., by applying the famous cube-per-order in-
dex of Heskett (1963), so that fast-moving items can be stored
closer to the picking stations. The great advantage of the mo-
bile robot system is that racks can continuously be relocated
once their demand frequency alters.
The order processing in a picking station is the focus of this
paper. At a picking station, the orders’ arrivals are to be se-
quenced resulting in sets of orders being processed simulta-
neously. The respective cardboard boxes are jointly placed on
the workbench, and the sequence of their processing needs to
be determined. This decision is closely coupled to the arrival
sequence of the racks, because the better the content of the
racks fits to the SKUs demanded by the batch of current pick-
ing orders, the sooner the orders are readily assembled. The
huge research effort on batching and order sequencing in tradi-
tional warehouses is, for instance, summarized by the surveys
of de Koster et al. (2007) and Gu et al. (2010). However, the fac-
ultative arrival sequence of racks completely alters the problem,
so that previous research seems not directly applicable.

Finally, the traffic planning and management has to coordi-

nate the mobile robots with all their different destinations. This

coordination of multiple agents has attracted most research
on rack-moving mobile robots (see, e.g., (D’Andrea & Wurman,

2008; Herrero-Pérez & Martinez-Barbera, 2011; Wurman et al.,

2008; Yu, 2016)). The overall research effort on planning and

managing automated guided vehicles is summarized by the sur-

vey paper of Vis (2006).

Beyond the operational decision problems, Lamballais, Roy, and
De Koster (2017) approximate the order throughput of a mobile
robot based warehouse with the help of queuing networks. This
way, long term decision tasks, such as determining the layout of
the rack storage area, can quickly be evaluated. However, our op-
erational problem, i.e., synchronizing the processing of picking or-
ders and racks in mobile robot based warehouses, has yet not be
considered in scientific literature.

1.3. Contribution and paper structure

This paper treats the processing of picking orders in a pick-
ing station supplied with racks by rack-moving mobile robots. We
formalize the resulting decision problem, i.e., we determine the
batches of picking orders, their processing sequence, and the ar-
rival sequence of the racks delivered by the mobile robots. In addi-
tion to the analysis of computational complexity we provide suited
solution procedures. Furthermore, we investigate managerial as-
pects such as the impact of the shared storage policy. Specifically,
we show that an optimized order picking allows to more than
halve the fleet of robots compared to simple decision rules often

applied in real-world warehouses. Also the diversity of SKUs stored
in the racks is shown to greatly impact picking performance and
the fleet size.

The remainder of the paper is structured as follows.
Section 2 describes our problem in detail and Section 3 in-
troduces heuristic decomposition procedures, which iteratively
solve the order sequencing and rack sequencing subproblem,
respectively. Our computational study, which tests the perfor-
mance of our solution procedures and applies them in order to
explore managerial aspects, is presented in Section 4. Finally,
Section 5 concludes the paper.

2. Problem description

We treat the order picking process in a single picking station,
where the set S of SKUs is handled and a given set of picking or-
ders O = {01, ..., 0n} is to be retrieved. Each order o; € O is defined
by a set 0;CS of SKUs demanded by the order’s customer. Further-
more, we have a given set of racks R = {r;,...,rm}, where each
rack rj is defined by the set r; ¢S of SKUs it contains. Each picking
station has a given capacity C, which defines the maximum num-
ber of customer orders that can be processed in parallel. Once an
order is completed it is replaced by the next customer order. In
this setting, order processing is mainly influenced by the sequence
7 in which the picking orders are processed and the sequence u
in which the mobile robots deliver the racks to the picking station.
The impact of both sequences on order picking is shown by the
following example.

Example: Consider the set S={A,B,C,D} of different SKUs,
which are contained in n =4 picking orders defined as follows:
07 ={A,B.C}, 0, ={A,B,C.D}, 03 ={B.C,D}, and o4 = {C, D}. Fur-
thermore, we have m = 3 racks containing the following SKUs: | =
{A,C}, r, = {B, D}, r3 = {C, D}. The capacity of the workbench is C =
2, so that two picking orders can be processed concurrently. Fig. 3
depicts two alternative solutions. Solution (a) is based on order se-
quence 7% = (04, 03,01, 0,]| and rack sequence u® = (r3,r5,71], SO
that all orders are processed after three rack visits. Solution (b) re-
quires four rack visits for order sequence 7% = (05, 01, 04, 03] and
rack sequence pub = (r3,ry, 11, 12].

The example shows that the order sequence, which directly in-
fluences the batches of concurrently processed orders, and the rack
sequence impact the number of rack visits necessary until all or-
ders are completed. Minimizing the number of rack visits seems a
well-suited objective for the order picking process, because of the
following two considerations:

o With fewer rack visits required to complete an order set the
number of robots required tends to be smaller. Seeing that a
typical distribution center applies many picking stations to be
supplied in parallel, this reduces the risk of bottleneck situa-
tions where no robot is available and a station is starving for
SKUs. Over the long run, this objective may even allow to re-
duce the fleet of robots.

Furthermore, the number of rack visits influences the makespan
of the order picking schedule. Once all SKUs of the current rack
are retrieved the picker releases the rack in the information
system, so that he/she has to wait for the departure of the cur-
rent rack and the arrival of the successive one. Thus, minimiz-
ing the number of rack visits reduces waiting time. All other
time components, e.g., retrieving the items from their shelves,
packing them, and folding new cardboard boxes, are fixed once
the picking list is defined and not influenced by the order se-
quence. Note that during a rack change the picker can do al-
ternative work, e.g., folding a new cardboard box. However, the
more breaks due a rack change occur, the more likely it be-
comes that alternative work is not available. Therefore, there
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(a) Solution with three rack visits

Rack ry order o, order o3 Initally, orders o,
and o; are started.
order o, order o, Order o, is completed
ordero, ordero, Order o5 is
Rack r; T completed and
replaced by o,.
ordero, ordero, All orders are
Ao = | completed after
P APQP . X1 X 1) UK L.
three rack visits.

(b) Solution with four rack visits

Rack ry order o, order o, | Initally, orders o,
@K A BCD and o, are started.
Rack r, order o, ordero; | SKUs Cand D
order o, ordero; | skuBis
Rack A A
@ order o, order o, | Orderso,and o, are
Rack r, m m completed and
replaced by o, and o5.
order o, order o, All orders are
completed after
AKX XU X -,
= four rack visits.

Fig. 3. Example for the picking process depending on the order and rack sequence.

should be a positive impact on the picking time when reducing
the number of rack visits although it is not exactly quantifiable.

We will investigate the suitability of our objective in detail dur-
ing the computational study (see Section 4). Our decision task
characterized above is based on the following simplifying assump-
tions:

» We presuppose a shared storage policy (e.g., (Bartholdi & Hack-
man, 2016)), which means that a SKU is not stored in a single
rack, but scattered over multiple racks. In a mobile robot en-
vironment with multiple parallel picking stations such a policy
seems inevitable, because otherwise the stations would always
have to wait for the one rack delivering a fast-moving item
demanded by many customer orders. If fast-moving items are
scattered over many racks, then there is a much better chance
to always have one of these racks close to a picking station.

« Interdependencies with other picking stations are neglected. Al-
though SKUs are scattered over multiple racks it may still oc-
cur that two or more picking stations request the same rack si-
multaneously. This would necessitate an additional assignment
of racks to stations. We only consider an isolated station as-
signed a fixed set of racks. However, our station specific prob-
lem still seems valuable even if interdependencies among sta-
tions need to be considered. For instance, our problem allows
an evaluation of alternative racks-to-stations assignments in an
explorative search process or a larger algorithmic framework. If
the racks cannot cleanly be partitioned among stations, because
some rack contains a rare SKU which is required at multiple
stations, then this rack can be considered at multiple stations
and it only has to be avoided that this rack is scheduled dur-
ing the same time at different stations. This can, for instance,
be ensured during the iterative evaluating of multiple stations
as follows. If the first station requiring some rack has sched-
uled it at some sequence position, we only have to block all
those sequence positions at a later station also requiring this
rack, which do not allow a timely transport of the rack from
the former station to the latter. Integrating blocked sequence
positions for racks is truly straightforward in our model. How-
ever, we leave the evaluation of this idea up to future research.

o If a rack contains a SKU, we assume that it carries enough units
to satisfy any picking order. Thus, we deem the number of units
demanded by an order and contained in a rack not relevant
and only record whether order and rack contain a SKU or not.
This simplifying assumption seems well suited, if the number
of units per SKU and order is low, which often holds true if the
orders are directly placed by final customers.

e The capacity C of the workbench is measured in number of or-
ders, so that C defines the maximum number of picking or-
ders processed concurrently. This presupposes that all card-
board boxes are (nearly) of equal size, so that it is not possible
to substitute a larger cardboard box by multiple smaller ones.

Given this decision context our mobile robot based order pick-
ing problem (denoted as MROP) can be formally defined as follows.
The overall schedule consists of two different pieces of informa-
tion. First, the sequence p defining the succession of rack visits at
the picking station has to be determined. Here, 1, € R defines the
rack at Ith position of . Note that this sequence can be of vary-
ing length depending on how many racks are required to finally
supply all orders (in their processing sequence). Further note that
the same rack may be assigned to multiple positions, because it
is possible - and may be even necessary - to reinsert a just pro-
cessed rack (and its respective robot) into the queue. Of course, it
is also possible to not select a rack at all, if its SKUs can also be re-
trieved from alternative racks. Furthermore, the batches of picking
orders and their exact succession need to be defined, for which
we apply a set @ of quadruples where (i, c, S;, C;) € Q specifies
the position c € {1,...,C} on the workbench the picking order o;
is assigned to and the first rack visit S; > 0 and last rack visit G;
> §; during its processing. Note that C; and S; refer to positions in
the rack sequence. Note also that after finishing an order, the suc-
cessive order replacing its predecessor at the same position of the
workbench may still pick items from the current rack. Only after-
wards the rack is removed. We say a schedule (u, €2) is feasible
if

1. u has at least max{G;|(i, c, S;, C;) € 2} positions,
2. for each o; € O there is exactly one (i, ¢, S;, G;) € €2, that is each
picking order is scheduled exactly once,
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Table 1
Notation.
T Number of slots (t =1,...,7)
n Number of picking orders (i=1,..., n)
m Number of racks (j=1,..., m)
S Set of SKUs (s € S)
C Capacity of picking station
Rs Set of racks providing s € S
X, ¢ Binary variables: 1, if rack j is visiting in slot t
Zs it Binary variables: 1, if SKU s is delivered for order o; in slot t
Vit Continuous variables: 1, if order o; is processed in slot t
o Continuous variables: 1, if the racks visiting in t — 1 and ¢ differ

3. for each pair of picking orders o;, 0y €0, i # ', with (i, ¢, S;,
G)eQand (,c,Sy,Cy) € Q we have c # ¢, Gy < S; or G < Sy,
that is orders are either processed at different positions of the
workbench or their processing intervals do not overlap by more
than one rack visit, i.e., overlap is only allowed in a single rack
visit where the predecessor order is completed and its succes-
sor starts, and

4. for each (i, ¢, S;, C;) € 2 we have o; € U/isi Iy, that is all SKUs
of an order are provided by the racks visiting during the re-
spective processing interval.

Among all feasible schedules the MROP seeks one schedule €2
that minimizes the number of rack visits Z(€2) = max; ¢ s, ¢;)ee{G}-

Applying the notation summarized in Table 1 our mixed-integer
programming (MIP) model for MROP consists of objective function
(1) and constraints (2) to (11). We use time slots in the MIP model
where a time slot comprises the time interval where a certain sub-
set of orders is in processing and a certain rack is visiting. From
one time slot to the following one or more of the aforementioned
may change. While the model allows to keep these elements from
one slot to the following it is easy to see that we can restrict our-
selves to solution where two consecutive time slots differ in at
least one order being processed or in the rack visiting. A trivial
upper bound for the number of time slots necessary, therefore, is
T=m-n.

r

(MROP) Minimize F = " o (1)
t=2

subject to

m

> X =<1 Vt=1,...,T (2)
j=1
n
Y vie=C Ve=1,....T 3)
i=1

Yie +YVie <14 Yie Vi=1,....,n,1<t<t'" <t/ <T (4)

T
Z Zsit = 1
t=1

2200 <Yie + ) _Xjt

Vi=1,...,n,s€o0; (5)

Vi=1,....mseo;,t=1,....,T (6)

JjeRs
U > Xjp — Xjei Vi=2.. .. T.j=1,...m (7)
X € {0,1) Vi=1,....mt=1,....,T (8)
zsir €1{0,1} Vi=1,...,n,seo0;,t=1,..., T (9)
1>y,20 Vi=1,....,nt=1,...,T (10)
o >0 Ve=2,....T (11)

Objective (1) minimizes the number of rack changes and, there-
fore, rack visits. Inequalities (2) and (3) assure that in no slot more

than one rack is visiting or more than C orders are processed. Con-
straint (4) ensures that an order is processed during a set of con-
secutive slots. Inequality (5) states that each SKUs required by or-
der o; must be delivered. This can happen only in a slot where
both, o; and a suitable rack are present due to (6). Finally, (7) tracks
changes in the racks visiting. Note that due to (6) and (7) and
the binary nature of x; ; and z ; ; variables y; ; and a; are either
forced to take value 1 or allowed to take value 0. Hence, in opti-
mum solutions o = 0 unless x;, —x;,_4 =1 for a rack j. However,
even in optimum solutions we may have 0 < y; ; < 1 for a slot t
and an order o;. Note that for each feasible solution rounding down
the value of each y; , to the next lowest integer yields a feasible
solution with the same objective value.

Prior to solving the MROP, which is elaborated in the following
section, we state the complexity status of MROP and present two
simple reduction rules to eliminate superfluous input data from a
problem instances.

Theorem 1. MROP is strongly NP-hard even for n = 1.
Proof. See Appendix A. O

Due to the first reduction rule, we only have to consider those
SKUs, which are demanded by at least one picking order. Conse-
quently, we can also delete all those racks, which do not contain
any item from the reduced SKU set S, since these racks, obviously,
cannot contribute to supplying some order. Furthermore, we can
delete all those racks j € R for which another rack j/ € R, j # j,
exist with r; c rp. This directly follows from allowing racks to re-
visit the station multiple times. Given the previous condition, any
SKU supplied by j can also be supplied by j/, so that j/ can always
substitute j without increasing the objective value.

3. Decomposing MROP

We, first, investigate two subproblems in Sections 3.1 and
3.2 and propose solution methods. In Section 3.3 we employ these
methods as a toolbox and provide procedures combining a search
mechanism and the solution methods for one or both subproblems
in order to tackle MROP.

3.1. Rack sequencing for a given order sequence

In this section, we treat the subproblem of MROP where the
sequence 7w of picking orders is given, so that only the optimal
rack sequence w is sought. A fixed order sequence defines the next
picking order started once a picking order is completed and re-
moved from the workbench. We call this subproblem MROP-RS.
Unfortunately, the following complexity status is to be assigned to
the problem.

Theorem 2. MROP-RS is strongly NP-hard.

Proof. Exactly the same transformation as in the proof of
Theorem 1 can here be applied, as well. O

For solving MROP-RS, we now introduce an exact dynamic pro-
gramming (DP) scheme, which is later on extended to a heuris-
tic beam search procedure. Our DP is subdivided into (at most)
nm+ 1 stages where stage [ =0,1,...,nm decides on the assign-
ment of a rack to sequence position | of rack sequence u. Note
that we do not need more than nm rack visits. Each stage [, | >
0, contains states (8q,...,8c,v,l), where §. is the set of SKUs
not yet supplied for the picking order currently processed at po-
sition ¢ on the workbench and pointer y refers to the next order
of given order sequence 7 to be processed. In stage 0 we have only
(07;...,07.,C+1,0) as an initial state.

Transitions between states exist only between two consecutive
stages | and [+ 1 and correspond to assigning a specific rack to
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{A4,C},{A,C},5,2

{D},{B,D},3,1
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{4},{4,(C},5.2

Fig. 4. DP graph for MORP-RS.

position [ + 1 of . Consequently, each state may be starting point
for O(m) transitions. It is easy to see that once a picking order
is completed it may be replaced immediately, that is it does not
make sense to leave a position on the workbench empty or keep
a completed picking order on the workbench. Furthermore, once
a picking order o; is on the workbench a SKU in o; is retrieved
from the first available rack providing it. The transitions, then, can
be specified as follows. Assigning rack j as next rack based on
(81,....0c, ¥, 1) leads to (81 \rjr,....8c\ 1y, y. 1+ 1) if Sc\rj # 0
for each position c. If, however, there is a subset of C’ positions
on the workbench where picking orders can be completed with
those SKUs provided by rack j, then the picking orders in positions
Y,...,y +C —1 of m replace them (unless there are no further
picking orders to be processed). The corresponding entries in the
resulting state are ox, \ Ty, ..., 07 , \ ;7 and the corresponding
pointer is y +C'.

Analogously to the reduction rules presented above, which al-
low to remove some racks from the problem instance, not all racks
may have to be considered for the next sequence position. A rack
that does not contain any SKU demanded by the current batch of
orders can be eliminated, that is for a state (44, ...,dc, y,[) rack j
is not relevant, if [ JS_; 8c N ri=90.

This way, successor states are developed in a stage-wise man-
ner until, for the first time, a final state (§; =@,...,8c=0,n+1,1)
is reached, that is all picking orders are completed. Then, the DP
terminates and the optimal objective value equals I. An optimal
rack sequence can be simply obtained by a simple backward re-
cursion along some path to the final state.

Example (cont.): Consider the example of Fig. 3 and a given
order sequence 7 = (04, 03,01, 02]. The resulting DP graph is de-
picted in Fig. 4 and the optimal solution corresponding to the
black-marked path to final node (@, @, 5, 3) is the one depicted
in Fig. 3(a).

The number of states is in @(mn|2!%!|€). We have O(m) tran-
sitions per state and determining the resulting state may take up
to O(|S] - C) time. Thus, the runtime of DP is in O(|S| - Cmn|25!|C).
Hence, in line with our complexity result, the state space of DP
grows exponentially. However, the proposed DP scheme can also
be used as the basis for a beam search heuristic, see (Lowerre,
1976). Applying a beam search heuristic requires the setting of a
parameter BW (the beam width), which constrains the number
of states that are further explored in each stage to the BW most
promising ones. For selecting the BW states per stage we rank
them according to increasing n — y, i.e., the number of remain-
ing picking orders, and as a tie-breaker we apply the minimum
remaining SKUs of the current batch, i.e., |UE:l 85’.

y+C -

3.2. Order scheduling for a given rack sequence

In this section, we mirror our view on the problem and con-
sider subproblem MROP-OS where we have a given rack sequence
and seek an order schedule. An order schedule can be specified by

assigning two positions in the rack sequence to each order o; mark-
ing the first rack visit and the last rack visit, respectively, during
0;'s processing. We say that the former and the latter is o0;’s start
position and end position, respectively. Note that for an arbitrary
feasible order schedule, where all orders can be completed, there
is potential to drop positions from the given rack sequence without
losing feasibility. We consider dropping the last visits from the rack
sequence and define MROP-OS as the problem of finding an order
schedule for the given rack sequence where the maximum end po-
sition among picking orders is minimum. Unfortunately, even the
feasibility version of MROP-OS where we ask for a feasible order
schedule turns out to be NP-complete.

Theorem 3. The problem to decide whether there is a feasible solu-
tion to MROP-0S is strongly NP-complete even if C = 1.

Proof. See Appendix B. O

For MROP-OS, too, we propose a DP procedure. In this DP ap-
proach orders are added one by one to a partial schedule constitut-
ing the first orders to be processed and their respective start posi-
tions and end positions. We restrict ourselves to a strategy where
a job is added only such that its start position is not smaller than
the maximum start position of the orders already scheduled. It is
obvious that such a strategy does not prevent us from finding an
optimum order schedule since for each order schedule such a se-
quence of orders exists. Note that following this line of thought we
have a huge set of potential start positions and end positions, re-
spectively, each time we add an order to a partial schedule. In the
following we develop three ideas enabling us to decide both, the
unit of capacity an order is processed on and the pair of start po-
sition and end position, for given partial schedule and order o; to
be added.

« In order to reduce the set of potential start positions and end
positions, respectively, we predetermine the possible process-
ing intervals of each order as follows. A possible processing in-
terval v is determined by start position s(v) and end position
e(v). A position p of the rack sequence is a candidate for o;’s
start position only if the pth rack visiting provides a SKU for o;.
For given p we determine position g which is the smallest posi-
tion such that all SKUs for o; are provided in positions p, ..., q.
Note that for given p it is not necessary to consider end posi-
tions larger than g since corresponding intervals are dominated
by (p, q). The pair (p, q) then determines a feasible processing
interval v with s(v) = p and e(v) = q to be considered in our
DP approach. We may find two possible processing intervals v
and v with e(v) = e(¥) and s(v) <s(¥). If so, we can drop v
since v dominates v. The set of remaining processing intervals
for each order o;, then, determines the set of possible start po-
sitions (and respective end positions) to be considered in our
DP approach.

e Given a partial schedule and an order o; to be added, we have
s, i.e., the maximum actual start position among orders already
scheduled, and ¢/, i.e., the smallest position in the rack se-
quence, such that s’ > s and at least one unit of capacity is
available in s/, readily available. Note that a unit of capacity be-
comes available in the last position where the last order on this
unit is processed. A possible processing interval v determined
for o; as above is ruled out as the actual processing interval of
o; if s > s(v) due to our adding strategy. From the set of re-
maining possible processing intervals we can choose the one
having the smallest start position. Note that this is a unique
choice considering the set of possible processing intervals gen-
erated above. Further note that this choice can easily be seen to
dominate choosing any other processing interval. This is again
due to our adding strategy.



556 N. Boysen et al./European Journal of Operational Research 262 (2017) 550-562

e Given a partial schedule and an order o; to be added, we can
assign o; to the unit of capacity becoming finally available earli-
est. Obviously, this is a valid choice due to the actual processing
interval determined as described above. Moreover, considering
the adding strategy it is also optimum with regard to capacity
availability after adding o;.

While constructing a schedule by adding jobs we have to track
the capacity occupation profile. Since we only add orders “at the
end of the schedule” it is sufficient to keep the earliest position in
the rack position when a certain unit of capacity becomes finally
available.

We are now equipped to formulate the DP approach. We pro-
pose to employ states (O’, py, ..., pc) with

e O’ representing the orders already scheduled and
» p. representing the rack position at which the cth unit of ca-
pacity becomes available.

Then, we consider a transition from (0’, py.....pc) to (O'U
{i}. p}..... pp) if it represents choosing a processing interval v and
unit of capacity for order o; to be added to the partial schedule
represented by (O', p1,..., pc), that is if

e ig0,

e v is the possible processing interval of o; with smallest start
position not smaller than min{p. | c=1,...,C}, and

e pi.....p¢ is the capacity occupation profile when interval v
is chosen for order o; and o; is assigned to capacity unit c* =
argmin{p: |c=1,...,C}

Note that more than one capacity unit may be available at rack
position s(v). These units have to be considered available not be-
fore s(v) for further orders due to our adding strategy. A capac-
ity occupation profile p,..., p;. therefore, results from choosing
interval v for o; and assigning o; to capacity unit c* for given
(0. p1.....pc) if

e Dl =pc if pc > s(v),
e pl.=e(v), and
o pp=s) if pc <s(v) and c # c*.

Solving MROP-0S, then, is accomplished by determining a state
(0, p1, ..., pc) with minimum max{p. | c=1,...,C} which can be
reached by transitions starting from an initial state (¢4, 0, ..., 0).

The number of states used in the DP approach is bounded by
0(2"TC) where T denotes the maximum end time over all possible
processing intervals. The number of transitions is 0(n2"TC), i.e., for
each choice of the order to be added next the actual processing
interval and the unit of capacity it is processed on is determined
by the capacity occupation profile of the current state.

Note that in order to eliminate symmetry we can handle
P1,....bc such that p; <...<pc since identical units of ca-
pacity need not be differentiated. Finally, if two distinct states

(0'.p1.....pc) and (O, pj.....p;) are reached with p. < p for
each c=1,...,C we can drop (0', p}...., p;) from further consid-
eration.

Example (cont.): Consider the given rack sequence =
(r3, 5,11, 13] of Fig. 3(b) leading to the following processing in-
tervals: 04:[2, 3],[3, 4], 05:[2, 3],[3, 4], 03:[1, 2],[2, 3],3, 4], and
04:11, 1],[2, 3],[3, 4]. Given these intervals the resulting DP graph
and a bold-faced optimal solution are depicted in Fig. 5. When ap-
plying optimal order sequence ; = (04, 03, 01, 0;] order processing
can already be completed during the third rack visit, so that the
final rack visit of r, can be dropped from the given rack sequence.

Just as in Section 3.1 the DP approach presented here can very
well serve as a basis for a beam search heuristic. For selecting the
BW most promising states per stage we rank them according to
their capacity occupation profiles, i.e., we order them by increasing
values and consider pc, ..., p; in lexicographic order.

P
/{ {0,},2,3 }/ /{{ol, 03},2,3 ]—7[{01, 02,023,3,3 )
//’{ (02),23] {{01 04,23 H{ol 0,,0,33)
\*(fos}, 12 M{oz, osh 2,3 }
{0}, 1,1 '(\j{{oz, 04},2,3 ]'//(,[{02, 03,02}, 23 y

Fig. 5. DP graph for MORP-OS.

0,33

(01,03,04,23F /
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3.3. Decomposition methods for MROP

Provided either a “good” order sequence or rack sequence
can be found, it is likely that using the methods proposed in
Section 3.1 and 3.2, respectively, we can obtain a good solution to
MROP. Hence, we provide search mechanisms here based on the
well-known simulated annealing scheme, see (Kirkpatrick, Gelatt,
& Vecchi, 1983), in order to find such good sequences. Each se-
quence considered in the course of the search process is evaluated
by applying the beam search mechanism in Section 3.1 and 3.2, re-
spectively. As a third alternative we propose a procedure iteratively
solving MROP-RS and MROP-OS in an alternating manner.

SA for finding a good order sequence:. When searching for a good
order sequence, each individual of the search space is simply en-
coded as a permutation 7w of (01,03,...,0,4]. The fitness value
fv(mr) corresponds to the objective value of the solution deter-
mined by the beam search approach defined in Section 3.1. The ini-
tial solution is determined as a randomly generated order sequence
and the temperature t is initialized as proposed by Ben-Ameur
(2004): (i) Generate 100 random initial solutions as well as one
random neighborhood solution for each, where the neighborhood
solution must have a strictly worse objective value than the corre-
sponding initial solution. Let A’ be the set of initial solutions and

A" be the set of neighborhood solutions. (ii) Starting from 7 := m

L . . . . i —fv)/T;
in iteration i =0, iteratively calculate w(t;) = %.
€. 1

If |w(t;) —0.8] <0.01, stop and and set the initial temperature 7
:= ;. Otherwise, set 7;, 1= T; - ]'}r(fé)o(g))) i:=i+ 1, and repeat. This
ensures that the initial temperature is chosen such that about 80%
of the transitions in the first iteration are accepted, which is of-
ten proposed as a reasonable value (see, e.g., (Aarts, Korst, & van
Laarhoven, 1997)).

For a given temperature value 7, a phase of K iterations is
started. The initial epoch length is K := 10. After each epoch
K is modified similar to Cho, Paik, Yoon, and Kim (2005): K :=
K+ |K- (1 —exp((fvmin — fymax), fymaxyy| where fymin (fymex) is
the lowest (highest) fitness value recorded in the past epoch. In
each iteration, a neighborhood solution 7’ is reached by ran-
domly swapping two orders in the current solution 7. Then, the
difference in fitness values A = fv(x’) — fv(mr) is calculated. If
rnd(0; 1) < exp(—A/t), then 7’ replaces 7, where rnd(0; 1) is a
random number drawn from a uniform distribution over [0, 1].
Once the phase is finished, t is lowered to 0.99 - T and the next
epoch is started. Finally, the search process terminates when t falls
below 0.01.

SA for finding a good rack sequence:. Here, a solution is encoded
as a sequence of racks w, in which each rack may occur multi-
ple times or not at all. While it is hard to check whether there
is a feasible solution corresponding to a given rack sequence, see
Theorem 3, it is not hard to come up with a rack sequence w that
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allows a feasible solution. However, in order to obtain a reasonably
good initial solution we draw 20 random order sequences for each
initial solution to be generated, apply the procedures proposed in
Section 3.1 to each of them, and use the rack sequence in the best
solution found as a starting point. The fitness value fv(u) of each
rack sequence p corresponds to the objective value of the solution
determined by the beam search approach in Section 3.2.

The overall scheme of the SA approach is the same as described
above with the exact same parameters. In each iteration of the
SA procedure, a neighborhood solution w’ is reached by randomly
swapping two racks in the current solution p or adding one more
occurrence of a random rack in the sequence in a random position.
Note that there is no guarantee that the ensuing neighborhood so-
lution even allows for a feasible order sequence. Simply disallow-
ing infeasible neighbors, however, would cut off a huge part of the
(feasible as well as infeasible) search space. We therefore add a
penalty term § to the fitness value, which is initialized to 8 = 1. If
the past 5 accepted neighborhood solutions were all infeasible, the
penalty term is increased by a factor of 2. If the past 5 accepted
neighbors were all feasible, it is set to B/2 (self-adjusting penal-
ties, e.g., (Hertz, 1992)).

3.3.0.1. Alternatingly solving MROP-RS and MROP-0S:. We start with
a random order sequence 7! and find a rack sequence ' by em-
ploying the beam search approach proposed in Section 3.1. In turn,
we now determine a new order sequence 72 for given rack se-
quence ! with the beam search procedure of Section 3.2 and so
on until, finally, the procedure terminates if 7k = 7k+1,

4. Computational study

In order to assess the computational efficacy of the proposed
algorithms, we implemented them in C# 5.0 and ran a series of
tests on an x64 PC with an Intel Core i7-3770 3.4 gigahertz CPU
and 8,192 megabyte of RAM. We also used CPLEX 12.5 to solve the
MIP model from Section 2 to have a benchmark. In this section,
we will first describe how the test data was obtained, which we
then use to examine the performance of the heuristics. Finally, we
will investigate the effect of optimal schedules on real-world Kiva
systems in a simulation experiment, deriving managerial insight.

4.1. Instance generation

Kiva systems are typically used in distribution centers where
many small SKUs are stored in a scattered manner on about man-
high racks (e.g., (Guizzo, 2008)). Accordingly, we set the number
of racks |R| required to fulfill the orders of the planning horizon
to either 5 or 100. Note that the warehouse as a whole may well
contain more racks; however, for a given time frame, only a sub-
set of these will actually be in use. The number of positions on
the workbench C is drawn randomly (discrete uniform distribution)
from the interval [2; 10].

During the planning horizon, a total of |0| = 10, 50, or 100
orders need to be fulfilled. In typical real-world distribution cen-
ters, all SKUs are not picked with the same frequency; some take
a much larger share of the total flow than others (e.g., (Bartholdi &
Hackman, 2008)). To take this into account, we generate the con-
tents of each order o; € O as follows: First, the number |o;| of
items in each order is set to a random integer between 1 and
[0.1-|R| + 17 (discrete uniform distribution). Then, each item in
o; is randomly selected according to an exponential distribution
with exponent 0.5, where each order contains at most one copy
of each SKU. Each rack r; € R contains a theoretical maximum ran-
dom number of between 1 and [£ - |R| - 50] SKUs (discrete uni-
form distribution), where each SKU is also selected according to
an exponential distribution with exponent 0.5, meaning that the

Table 2
Parameters for instance generation.
Symbol  Description Values
10] Number of orders 10, 50, 100
IR| Number of racks 5, 100
& Fraction of SKUs per rack 0.005, 0.05, 0.2

diversity of SKUs per rack depends on the parameter &, and that
more frequently ordered SKUs are also more likely to be on a rack.
Note that SKUs which are not actually required by any order are
not considered, i.e., S={J,c00;- Seeing that SKUs are randomly
selected according to the exponential distribution, this implies, ef-
fectively, that it is highly improbable that racks will ever contain
more than a handful of different SKUs. Moreover, the input data is
cleaned up as described in Section 2. Note that the way we gen-
erate rack contents, it may exceptionally occur that some SKU de-
manded by an order is not contained in any rack at all. To avoid
these infeasible instances, we just add each leftover SKUs to a sin-
gle randomly selected rack. For reference, the parameters used for
instance generation are summarized in Table 2.

4.2. Algorithmic performance

Table 3 shows the relative optimality gaps for the small in-
stances with n =10 orders and m =5 racks. Note that CPLEX is
unable to solve larger instances to optimality within the time limit
of 60 minutes, therefore optimality gaps are only available for the
small instances; even for these, the average CPU time of CPLEX is
about 12 minutes. Column £ is the “SKU density” per rack as ex-
plained above, BW is the beam width as used by the beam search
(BS) heuristics from Sections 3.1 (for rack sequencing) and 3.2 (for
order sequencing). F (opt.) is the optimal objective value as re-
ported by CPLEX, averaged over the instances that CPLEX could ac-
tually solve. Gap (AH) (%), Gap (SA-RS) (%), and Gap (SA-OS) (%) de-
note the relative optimality gaps of the alternating heuristic (AH),
the simulated annealing scheme for finding a good rack sequence
(SA-RS), and the simulated annealing scheme for finding a good
order sequence (SA-0S), respectively. The columns labeled seconds
contain the average CPU time in seconds taken by the correspond-
ing algorithms.

At first glance, both SA procedures may seem to be quite ca-
pable of solving the MROP to (near-)optimality, at least if the
beam width is sufficiently large (BW = 25). However, upon closer
scrutiny, it becomes clear that SA-OS decisively outperforms SA-
RS. First, SA-RS displays an optimality gap in some instances when
BW = 10, which, while not huge, nonetheless suggests that this al-
gorithm has a harder time finding good solutions consistently. Sec-
ond, SA-RS takes a lot more time to solve the instances than SA-OS,
despite an almost identical number of iterations (compare 11.3 sec-
onds of CPU time for SA-RS to only 0.3 seconds on average for SA-
0S). These problems most probably stem from the fact that SA-RS
has to cope with the added difficulty of a lot of infeasible solutions
in its search space. For a given rack sequence there is no guaran-
tee that a feasible order sequence even exists. Many neighborhood
solutions encountered during the search process will therefore be
nonsensical. SA-0OS, on the other hand, does not have to deal with
these issues because there is always a feasible rack sequence for a
given order sequence, apparently making the search far more effi-
cient.

The simple alternating heuristic (AH), consisting of alternatingly
solving MROP-RS and MROP-O0S, also delivers quite competitive re-
sults. Nonetheless, the optimality gap is greater than that of SA-OS
in several cases. However, AH is very quick, solving the small in-
stances in significantly less than a second of CPU time, and may
therefore be attractive when time is of critical importance.
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Table 3
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Average optimality gap of the three heuristics (small instances, n = 10, m = 5).

3 F(opt) BW  Gap (AH)(%) Gap (SA-RS)(%)  Gap (SA-0S)(%)  Seconds (AH)  Seconds (SA-RS)  Seconds (SA-OS)
0.005 2.65 10 2.50 8.33 0.00 0.00 7.76 0.20
25 0.00 0.00 0.00 0.00 15.73 0.20
0.05 2.80 10 0.00 5.83 0.00 0.00 741 0.33
25 0.00 0.00 0.00 0.00 15.68 0.44
0.2 2.65 10 1.67 9.17 0.00 0.00 7.04 0.24
25 0.00 0.00 0.00 0.00 14.20 0.25
column underneath racks, it is immaterial for our simulation whether the
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Fig. 6. Schematic layout of the simulated warehouse.

4.3. Simulation study

Objective function F measures the number of rack changes for
a given schedule. This is only a surrogate objective, however: In
reality, it is not the rack movements per se that drive costs, it is
mainly the number of robots that perform these movements as
well as the time and energy that these robots spend doing their
jobs. Obviously, not every moved shelf will automatically translate
to an additional required robot; during a day, one and the same
robot can perform a lot of such operations. In order to investigate
whether the number of rack changes is actually a good stand-in
for the cost of the equipment and the time and energy expended
during actual operation, we propose a simulation experiment.

4.3.1. Description of the simulation

The instances are generated as described above. In addition, we
assign to each rack r € R a two-dimensional position (x", y") on the
warehouse floor. We assume that all racks are located on a grid
with 10 rows and 20 columns, where we assign each rack to one
slot on the grid, i.e., x" € {1,...,10} and y" € {1, ..., 20}. Each col-
umn is 4 meters wide and each row 6 meters long. There is an
aisle every two columns of 3 meters width. The picking station
(denoted as r = 0) is at the bottom left edge of the grid, at position
(0, 0). The distance d(r, r'), Vr,r’ € {0, 1, ..., m}, between two racks
r and 1’ (or between a rack location and the picking station in case
r or r’ = 0) on the warehouse floor can then be calculated via the
Manhattan metric. The layout is schematically depicted for a ware-
house with 8 rows and 6 columns in Fig. 6. Note that this ware-
house layout contains more space than is actually needed to house
m=>5 or 100 racks. For the purposes of our simulation, the re-
maining space will simply be considered vacant; in the real world,
we would expect the space to be used by racks for other picking
stations, or simply by racks that are not needed to fulfill the orders
in the current order set. Considering that Kiva robots can move

space is actually occupied or not.

Given a rack sequence u of length m and an order sequence
 of length n, the pick times are calculated as follows. Let §;,
Vi=1,...,C, be the set of SKUs that still need to be picked in
order to complete the order currently occupying position i of the
workbench (initially, §; = 0;, Vi =1,...,C). The jth rack j; stays at
the picking station for d; := "¢ ; [§;n Tl . TPk where TPick — 10
seconds is the time it takes to pick one SKU. The picked items
are then removed from the picking list, i.e., §; 1= §; \ Tije If any §;
is subsequently @, it is replaced by the next open order from se-
quence 7 and the picking time d; is updated if rack r, ; contains
SKUs demanded by the new order(s). This may have to be done
multiple times until no more SKUs can be picked from the current
rack, at which time the new rack 1,4 needs to be moved to the
station.

Assuming that it is mandatory that the picking station never
wait for new items to pick, the moment in time when the jth rack
must be at the station is given by s; :=s;_1 +d;_4, Vj=2,...,m,
where s; := 0. For the rack to actually be present at the station at
time s;, a robot must have carried it from its location on the floor
to the picking station, i.e., one robot must be occupied during the
interval [s; — 2 Tt —d(u;,0) - TsPeed; 5] where T'ift = 15 seconds
is the time it takes to lift/set down a rack, and a robot moves at a
speed of 1/TsPeed — 2 meters per second on average. Similarly, once
all SKUs have been picked from rack j, it needs to be carried back
to its position during interval [s; +d;:s; +d; +2 - Tt +d(0, u)].
Collecting all of these intervals for every rack move yields the set
of trips V = {vy,...,vp,}. We say that the ordered pair (v;,v;) of
two trips is compatible if they can be performed by the same robot
one after another, i.e., if their time intervals, including the moving
time from the end position of trip i to the start position of trip
Jj, do not overlap. The resulting problem of assigning the minimal
number of robots to trips can be reduced to finding a maximum
matching in a bipartite graph (Bertossi, Carraresi, & Gallo, 1987).

4.3.2. Correlation between rack moves and number of robots

Given a solution to the MROP, that is, an order schedule and a
rack sequence, we can calculate both the objective value, i.e., the
rack moves, as well as the minimal number of robots via the sim-
ulation procedure detailed above. Comparing these values to each
other for all 20 instances per parameter constellation should show
that whenever the objective value is high then so is the number
of robots and vice versa. The Pearson product-moment correlation
coefficient for all instance sets is listed in Table 4. Significant re-
sults are marked with an asterisk (95% confidence) or two aster-
isks (99% confidence). The schedules were found by SA-OS with
BW = 25. The scatter plots for the cases with both the strongest
(1.00) as well as the weakest (0.35) correlation coefficients are in
Fig. 7.

The data indicate that there is indeed a very strong correla-
tion between our surrogate objective value of counting the rack
changes and the actual number of robots required to execute a
schedule. In all cases except for three there is a significant cor-
relation. The three parameter constellations where no significance
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Fig. 7. Correlation between objective value and actual number of robots.

Table 4

Correlation between objective value (rack moves) and actual number of robots;
results significant at the 95% confidence level are marked with *, those at the 99%
level with **.

n m 3 correlation ~ CPU seconds (AH)  CPU seconds (OS)
10 5 0.005  1.00** 0.00 5.43
10 100 0005 0.73** 0.01 12.26
10 5 0.05 0.75* 0.00 3.47
10 100  0.05 0.68** 0.01 7.24
10 5 0.2 0.79* 0.00 2.74
10 100 02 0.83** 0.00 4.00
50 5 0.005 0.59* 0.12 65.78
50 100 0.005 0.66** 0.33 156.72
50 5 0.05 0.35 0.13 43.26
50 100  0.05 0.80** 0.38 102.72
50 5 0.2 0.5 0.12 42.37
50 100 02 0.75%* 0.31 90.31
100 5 0.005 0.70** 0.95 168.51
100 100 0.005 042 2.54 413.21
100 5 0.05 0.61* 0.84 123.02
100 100 0.05 0.66** 2.54 295.65
100 5 0.2 0.60** 0.91 116.06
100 100 0.2 0.67+* 2.45 262.08

could be established require very few robots all around, making it
harder to detect trends. We can thus conclude that the number of
rack moves is indeed a good stand-in for the actual cost-driver, the
size of the robot fleet.

Note that, for reference, Table 4 also contains the CPU times
of AH and SA-OS with beam width 25. This piece of information
reveals that both algorithms are somewhat more sensitive to the
number of orders n than the number of racks m. AH, however, is
always very fast, solving all instances in just a handful of seconds,
whereas SA-OS may take several minutes.

4.3.3. Evaluating the performance for the large instances

We use our simulation to investigate the performance of the
heuristics for the large instances with m = 100 racks. The re-
sults can be found in Table 5. The columns entitled robots (AH)
and robots (SA-0S) list the average number of robots for the cor-
responding algorithms. For comparison, we also list the average
number of robots for a simple rule-based order processing (robots
(FCFS)), derived as follows: First an arbitrary order sequence m is
created, which in the real-world occurs, for instance, whenever
orders are sequenced according to first-come-first-served (FCFS).

Then, racks are greedily selected by always choosing the one rack
having most SKUs in common with the subset of orders currently
processed. Note that ties are broken according to lower index. Fi-
nally, columns driving time contain the total net time (in seconds)
the robots are on the move while performing their respective jobs
according to the simulation as described above. Note that we dis-
missed SA-RS from these tests because it is already clear from the
small instances that it is inferior to SA-OS in every regard. Recall
that parameter BW defines the beam width of the beam search
procedure, which is not relevant for the FCFS heuristic.

Concerning the algorithmic performance, the two heuristics ex-
hibit a similar picture as for the small instances: AH is very quick,
hardly ever exceeding 2 or 3 seconds of CPU time (see Table 4),
but its results - measured here in terms of required robots - are
significantly weaker than those of the more sophisticated SA-OS;
the average gap over all large instances is about 21.9%. However,
even AH is substantially better than assigning racks in a purely
random way: On average the picking station can be supplied by
about 40.4% fewer robots even when using the quick AH. When
using SA-OS, the savings are even more striking, at about 54.6%.
In other words, even a fast heuristic like AH can already almost
halve the required equipment, potentially saving a lot of invest-
ment money. Similar conclusions also hold for the total driving
time of the robots (and thus energy consumption), which can be
dramatically reduced by using smart scheduling algorithms.

The tests also show that the beam width does not have a huge
impact on the solution quality: For SA-OS, only about 3% of robots
can be saved on average by increasing BW. On the other hand, the
runtime increases almost linearly, i.e., using SA-OS with BW = 25
consumes about 2.5 times as much time as when BW = 10.

4.3.4. Effect of SKU diversity

Finally, we investigate the impact of the diversity of SKUs per
rack, parameter £. For classic warehouses with fixed storage lo-
cations, we would expect this value to be low - each shelf con-
tains only a few different SKUs, and no or few other shelves con-
tain the same SKUs. This would correspond to our parameter set-
ting £ = 0.005: On each rack there are only at most 0.5% of the
SKUs in the warehouse. Many modern distribution centers, on the
other hand, assign random storage positions to individual items,
meaning that two identical products need not necessarily be stored
on the same shelf (denoted as mixed-shelves or scattered storage
(Weidinger & Boysen, 2015)). This would correspond to & = 0.05 or
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Table 5
Results of the simulation for the large instances (n > 50, m = 100).
n & BW  Robots Driving time
FCFS AH  SA-OS  FCFS AH SA-0S
50 0005 10 2135 795 580 949493  6720.18 494328
50 0005 25 730 555 667490  5021.85
50 005 10 1815 630 4.80 7764.58 565825  4274.30
50 005 25 620 465 549473 400218
50 02 10 505 310 240 2802.08 233130 1733.40
50 02 25 3.00 220 227858  1793.80
100 0005 10 4755 765 620 2342098 1509035 1079028
100 0005 25 815 625 1445090  10454.98
100  0.05 10 4000 740 535 19330.03 1245440  8918.05
100 005 25 6.85 520 12419.38 901213
100 02 10 775 320 260 5781.83 442710 3210.80
100 02 25 315 245 429190  3159.75
resulting order scheduling and rack sequencing problem and pro-
© vide suited decomposition procedures. Our comprehensive compu-
tational study, which also includes a simulation study of the rack
delivery processes of the mobile robots, reveals the following key
o findings:
% e In our test instances, an optimized order processing allows to
5 more than halve the fleet size of robots required to timely sup-
g il ply a picking station compared to a simple rule-based approach
S like it is often applied in real-world warehouses. The result in
= our stylized setting are a strong indicator that substantial re-
ductions of the robot fleet should be possible when optimizing
™ real-world Kiva warehouses too. Although a single standardized
robot may be comparatively low priced, seeing robot fleets that
vary between 75 (warehouse of German workware retailer En-
: : : : ‘ gelbert Strauss) and 500 (warehouse of office supply retailer
0.00 0.05 0.10 0.15 0.20 Staples) the potential savings in investment, maintenance, and
3 energy charging equipment are nonetheless substantial. Also to-
Fig. 8. Effect of SKU diversity & on required number of robots (m = 100). tal drlvmg duration of robots is cut by a hUge portion (at least

even more extremely & = 0.2. In typical distribution centers that
ship consumer products, individual orders are often rather small,
and there is therefore little need for multiple copies of the same
item to be on one shelf. The likelihood that multiple items can be
picked from the same shelf is, of course, larger if many different
SKUs are on it. We would thus expect a Kiva system to work more
efficiently the more scattered the storage is.

Fig. 8 summarizes the results for the large instances with m =
100 racks: As expected, having many different SKUs on the same
shelf greatly reduces the effort for the robots, the number of which
is about linearly related to £. We can thus conclude that a Kiva-
driven distribution center will indeed work much more efficiently
using mixed-shelves storage. On the other hand, distributing SKUs
among multiple shelves increases the effort during replenishment.
Evaluating this trade-off in more detail seems a worthwhile task
for future research. The graphs also reveal another interesting fact:
The number of orders n plays no appreciable role in terms of re-
quired robots. Apparently, a certain number of robots — about three
to six for our medium-size warehouse with 100 racks - is suffi-
cient to always keep one picking station well supplied, regardless
of how many orders need to be fulfilled. Of course, a real-world
distribution center will consist of more than just one picking sta-
tion, so more equipment will be necessary, but these numbers can
be a good point of reference.

5. Conclusion
This paper investigates the order processing in picking stations

of a Kiva warehouse, where stationary pickers are directly supplied
with storage racks by rack moving mobile robots. We formulate the

21%, often more than 40%).

A further reduction of the robot fleet is enabled by the shared
storage policy. The more scattered SKUs are among racks and
the more different SKUs each rack contains the fewer rack
movements are required during order processing. Thus, a Kiva
system seems especially suited for warehouses storing mainly
small sized items and processing orders with just a few order
lines; both prerequisites are often fulfilled for online retailers
selling directly to final customers.

Future research should focus the additional decision problems
listed in Section 1.2 and answer the questions where racks should
intermediately be “parked” in a dynamic environment and which
SKUs should be stored together in the same rack. Such contribu-
tions could considerably facilitate the diffusion of rack moving mo-
bile robots in warehouses all around the world. An other direction
of research might generalize the problem setting treated in the pa-
per at hand to account for multiple picking stations.

Appendix A. Complexity proof for MROP

In this appendix we prove that MROP is strongly NP-hard even
forn=1.

If we consider an order set consisting of only a single picking
order, i.e., n=1, then the transformation from the set covering
problem, which is well known to be strongly NP-hard (e.g., (Garey
& Johnson, 1979)) is readily available. Given a collection K of sub-
sets of a finite set I" the set cover problem aims at a subset K'cK
such that every element in I" belongs to at least one member of
K’ and |K’| is minimized. We simply have to set S=0; =T, C=1,
and have a unique rack j for each subset k € K such that r; = k.
Obviously, this results in a one-to-one mapping of both problems.
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Table B.6
Pattern of SKUs for order o; provided by racks.

Pos 1 2 3 4 5 6 7 8 9 10 1

SKUs 5] s2 s ss 2 s} stz
s 8 s s 8 s 5 s
s/ 8§ G 1 s? s/ s8

Appendix B. Complexity proof for MROP-0S

In this section we show that the problem to find a feasible
solution to MROP-OS is strongly NP-complete. The proof is based
on a transformation from the following interval scheduling prob-
lem (denoted as ISP), which was shown to be strongly NP-hard by
Nakajima and Hakimi (1982).

ISP: Consider a set J of jobs to be processed on a single ma-
chine. Each job j € J is assigned a set of alternative processing
intervals. If a specific processing interval of a job is selected, this
means that during the complete time span from the fixed start to
the end of the interval the machine is occupied by this job. The ISP
maximizes the number of processed jobs, where each job is either
not processed at all or assigned exactly one of its processing in-
tervals. Since we have only a single machine the selected intervals
are not allowed to overlap.

Strengthening the result above, Keil (1992) showed that it is
strongly NP-complete to decide whether all jobs can be processed
even if each job has no more than three processing intervals and
all processing intervals have identical lengths T = 3. Spieksma and
Crama (1992), finally, proved that the problem is strongly NP-
complete even if T =2 and any two possible starting times for a
job differ by at least 3. The actual difference between two consec-
utive starting times is 7 in their proof but for our purpose it is
sufficient that there is at least one time period between each pair
of consecutive processing intervals of a job. We refer to this deci-
sion version of ISP where interval lengths equal 2 as ISP2. We now
reduce ISP2 to MROP-OS.

Transformation of ISP2 to MROP-OS: Given an instance I of ISP2
with n jobs and possible start times t], t, and t? for each job i we
construct an instance I' of MROP-OS as follows. We have n orders
where order o; corresponds to job i and each order o; requires nine
SKUs sl.l, . ..,s?. Let T denote the maximum end time over all jobs
and intervals in I. Then, we consider T racks and our rack sequence
consists of T positions with each rack visiting exactly once. Position
p of the sequence corresponds to time interval [p—1, p[ in I. The
SKUs provided by racks are defined as follows.

o If the first processing interval of job i starts in t, then we let
rack t+1, t+2, and t + 3 provide {s],s? s/}, {s?.s7?.s%}, and
{s3.s8. 57}, respectively.

o If the second processing interval of job i starts in t, then we let
rack t+1, t+2, and t + 3 provide {s],s? s8}, {s?,st. s}, and
{s3.s?.57}. respectively.

o If the third processing interval of job i starts in t, then we let
rack t +1, t+2, and t + 3 provide {s!,s?,s?}, {s?,s8,s7}, and

175171 1751771
{s?.s?.s8}. respectively.

Due to the specific properties of ISP2, for each order o; we ob-
tain a pattern of three distinct sets of three consecutive racks each
providing the SKUs required by o;. The pattern of provided SKUs
(for t! =0, t? = 4, and t? = 8) is depicted in Table B.6. The follow-
ing property is easy to derive.

Property 1. Any feasible processing interval for order o; spans at least
one of the intervals associated to processing intervals of job i com-
pletely.

Furthermore, we can see that start times t; and t;, ty > t;, of
two jobs i and i’ are compatible in I if and only if orders o; and oy
can be processed in the corresponding intervals. Let t; —t; —2 = k.
The corresponding intervals in I’ overlap by 1 if k = 0, overlap by
more than one if k < 0, and do not overlap at all if k > 0. Two
orders can be processed in intervals overlapping by at most one in
I.

Property 2. If and only if two processing intervals can be used by or-
ders o; and oy in a feasible solution to I' the corresponding processing
intervals can be used by jobs i and i’ in a feasible solution to I

Now, we claim that there is a feasible solution to I’ if and only
if there is a solution to I where all jobs are processed. Clearly, if
there is a solution to I where all jobs are processed, then it directly
corresponds to a feasible solution to I’ due to Property 2. If there
is a feasible solution to I, then there also is a feasible solution to
I’ where the actual processing interval of each order o; coincides
with one the processing intervals corresponding to processing in-
tervals of job i due to Property 1. It follows obviously that there is
a solution to I where all jobs are processed due to Property 2.

References

Aarts, E., Korst, J., & van Laarhoven, P. (1997). Simulated annealing. In E. Aarts, &
J. Lenstra (Eds.), Local search in combinatorial optimization (pp. 91-120). John
Wiley and Sons, NJ.

Bartholdi, J. J., 1Il, & Hackman, S. T. (2008). Allocating space in a forward pick area
of a distribution center for small parts. IIE Transactions, 40, 1046-1053.

Bartholdi, J. J., Ill, & Hackman, S. T. (2016). Warehouse & distribution science. Supply
Chain and Logistics Institute. Release 0.97.

Ben-Ameur, W. (2004). Computing the initial temperature of simulated annealing.
Computational Optimization and Applications, 29, 369-385.

Van den Berg, J. P. (1996). Multiple order pick sequencing in a carousel system: a
solvable case of the rural postman problem. Journal of the Operational Research
Society, 47, 1504-1515.

Bertossi, A. A., Carraresi, P, & Gallo, G. (1987). On some matching problems arising
in vehicle scheduling models. Networks, 17, 271-281.

Cho, H.-S., Paik, C.-H., Yoon, H.-M., & Kim, H.-G. (2005). A robust design of simu-
lated annealing approach for mixed-model sequencing. Computers & Industrial
Engineering, 48, 753-764.

D’Andrea, R., & Wurman, P. (2008). Future challenges of coordinating hundreds of
autonomous vehicles in distribution facilities. In Proceedings of the IEEE interna-
tional conference on technologies for practical robot applications. (pp. 80-83).

Frazelle, E. A., & Sharp, G. P. (1989). Correlated assignment strategy can improve
order-picking operation. Industrial Engineering, 4, 33-37.

Garey, M. R., & Johnson, D. S. (1979). Computers and Intractability: A guide to the
theory of NP-completeness. Freeman, New York.

Gu, ]. X., Goetschalckx, M., & McGinnis, L. F. (2010). Research on warehouse design
and performance evaluation: A comprehensive review. European Journal of Op-
erational Research, 203, 539-549.

Guizzo, E. (2008). Three engineers, hundreds of robots, one warehouse - kiva sys-
tems wants to revolutionize distribution centers by setting swarms of robots
loose on the inventory. IEEE Spectrum, 45(7), 26-34.

Herrero-Pérez, D., & Martinez-Barbera, H. (2011). Decentralized traffic control for
non-holonomic flexible automated guided vehicles in industrial environments.
Advanced Robotics, 25, 739-763.

Hertz, A. (1992). Finding a feasible course schedule using tabu search. Discrete Ap-
plied Mathematics, 35, 255-270.

Heskett, J. L. (1963). Cube-per-order index - a key to warehouse stock location.
Transportation and Distribution Management, 3, 27-31.

Keil, J. M. (1992). On the complexity of scheduling tasks with discrete starting times.
Operations Research Letters, 12, 293-295.

Kirkpatrick, S., Gelatt, C. D., & Vecchi, M. P. (1983). Optimization by simulated an-
nealing. Science, 220, 671-680.

Kirks, T., Stenzel, J., Kamagaew, A., & ten Hompel, M. (2012). Zellulare transport-
fahrzeuge fiir flexible und wandelbare intralogistiksysteme. Logistics Journal,
2192(9084), 1-8.

de Koster, R., Le-Duc, T., & Roodbergen, K. J. (2007). Design and control of ware-
house order picking: A literature review. European Journal of Operational Re-
search, 182, 481-501.

Lamballais, T., Roy, D., & De Koster, M. B. M. (2017). Estimating performance in a
robotic mobile fulfillment system. European Journal of Operational Research, 256,
976-990.

Lowerre, B. (1976). The harpy speech recognition system. Ph.d. thesis, Carnegie Mel-
lon University.

Meller, R. D., & Klote, J. F. (2004). A throughput model for carousel/VLM pods. IIE
Transactions, 36, 725-741.

Mountz, M. C. (2005). Material handling system and method using mobile au-
tonomous inventory trays and peer-to-peer communications. US Patent, 6(950),
722.


http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0001
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0001
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0001
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0001
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0001
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0002
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0002
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0002
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0002
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0003
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0003
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0003
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0003
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0003
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0004
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0004
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0005
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0005
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0006
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0006
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0006
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0006
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0006
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0007
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0008
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0008
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0008
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0008
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0009
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0009
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0009
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0009
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0010
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0010
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0010
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0010
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0011
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0011
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0011
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0011
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0011
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0012
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0012
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0013
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0013
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0013
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0013
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0014
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0014
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0015
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0015
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0016
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0016
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0017
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0017
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0017
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0017
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0017
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0018
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0019
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0019
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0019
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0019
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0019
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0020
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0020
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0020
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0020
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0020
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0021
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0021
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0021
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0021
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0022
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0022

562 N. Boysen et al./European Journal of Operational Research 262 (2017) 550-562

Nakajima, K., & Hakimi, S. L. (1982). Complexity results for scheduling tasks with
discrete starting times. Journal of Algorithms, 3, 344-361.

Roodbergen, K. J., & Vis, I. E. (2009). A survey of literature on automated storage
and retrieval systems. European Journal of Operational Research, 194, 343-362.

Spieksma, F. C.,, & Crama, Y. (1992). The complexity of scheduling short tasks with
few starting times. In Reports in Operations Research and Systems Theory m92-06.
Maastricht University.

Vis, I. E. (2006). Survey of research in the design and control of automated guided
vehicle systems. European Journal of Operational Research, 170, 677-709.

Weidinger, F., & Boysen, N. (2015). Scattered storage: How to distribute stock keep-
ing units all around a mixed-shelves warehouse. Working Paper Friedrich-
Schiller-University Jena.

Wurman, P. R, D’Andrea, R., & Mountz, M. (2008). Coordinating hundreds of coop-
erative, autonomous vehicles in warehouses. Al Magazine, 29(1), 9-19.

Yu, J. (2016). Intractability of optimal multirobot path planning on planar graphs.
IEEE Robotics and Automation Letters, 1, 33-40.


http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0023
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0023
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0023
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0023
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0024
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0024
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0024
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0024
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0025
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0025
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0025
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0025
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0026
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0026
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0027
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0027
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0027
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0027
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0027
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0028
http://refhub.elsevier.com/S0377-2217(17)30275-8/sbref0028

	Parts-to-picker based order processing in a rack-moving mobile robots environment
	1 Introduction
	1.1 A rack-moving mobile robot based order picking system
	1.2 Decision problems and literature review
	1.3 Contribution and paper structure

	2 Problem description
	3 Decomposing MROP
	3.1 Rack sequencing for a given order sequence
	3.2 Order scheduling for a given rack sequence
	3.3 Decomposition methods for MROP

	4 Computational study
	4.1 Instance generation
	4.2 Algorithmic performance
	4.3 Simulation study
	4.3.1 Description of the simulation
	4.3.2 Correlation between rack moves and number of robots
	4.3.3 Evaluating the performance for the large instances
	4.3.4 Effect of SKU diversity


	5 Conclusion
	Appendix A Complexity proof for MROP
	Appendix B Complexity proof for MROP-OS
	 References


